Combinatorial quantum field theory
Assignment 1
due by October 21

Michael Borinsky

You must write your solutions on your own. If you discussed any of the problems with
other students, clearly state this at the beginning of your solution to each problem and list the
names of those students. Email your solution to me as a PDF file (LaTex is preferred) Email:
mborinsky@perimeterinstitute.ca.

1. 18 marks The Euler-I" function generalizes the factorial function to non-integer values.
We have n! =T'(n + 1) for all n > 0. One way to define I" is via the integral expression
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(a) Bring the integral expression for I'(z) above into a form amenable to Theorem 13.
(Hint: Change the integration variable to x via t = ze®).

(b) Apply Theorem 13 to prove a sum-over-graphs formula for the coefficients ¢j of the
following z — oo asymptotic expansion,
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This asymptotic expansion is essential in physics and in many mathematical fields;
for instance, in combinatorics due to the connection to the factorial.

(c) Compute the first two coefficients (i.e. ¢y and ¢1) of the expansion using graphs.

(d) Use the following formula, the Stirling asymptotic expansion of T, to find a more
compact expression for the coefficients ¢, above. For all R > 0,
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where By, are the Bernoulli numbers.
(e) Use graphs to compute the value of the second Bernoulli number Bs.

(f) The Bernoulli numbers By, vanish if k is odd and larger than 1. Use this to prove
a vanishing statement for an alternating sum over connected graphs of fixed Euler
characteristic.



2. 6 marks Let py,pa, ... be an infinite set of variables. For a permutation « € Sym(H) with
cf 1-cycles, ¢ 2-cycles, etc, we define the monomial p® = szo pzk . For a given H-labeled
graph G, the polynomial
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is the character of the representation of Sym(H) associated with G. It is also known as
the Polya cycle-index polynomial.

(a) Compute C(00O) and C(?O)

(b) Observe that if pp = 1 for all k > 1, then C(G) is 1. Prove that C(G) € Z if p, = —1
for all £ > 1.

3. 10 marks Let f(x) and g(x) be power series f(z) =1+ -, fnz™, and g(z) = >, <, gna"”
in Qfal], related by /(z) = exp(g(z)). ) )

(a) Prove a recursion that computes f, when g, is known. Also, prove a recursion that
computes g, when f,, is known.

(b) Prove: If g, > 0, then f,, > 0. Also prove: If f,, <0, then g, < 0.

(¢) Find a graph-based expression for the z — oo asymptotic expansion of

I(2) = \/i L exp (-finz(x)) dz

(d) Compute the asymptotic expansion combinatorially, neglecting all terms in O(z~2).

(e) Prove a closed-form expression for the coefficients of this asymptotic expansion.

4. 6 marks For a given H-labeled graph G = (V, E), define Q-vector spaces QH, QV, QF that
are generated by the respective sets. Consider the linear map 0 : QH — QV & QFE,h —
vy, — ey that maps a half-edge generator to the difference of the generators for the vertex
and edge vy, e to which h belongs.

(a) Prove that dimker @ = #C(G) — x(G), where #C(G) is the number of connected
components of G and x(G) = |Vg| — |Eg| is the Euler characteristic. (Hint: Give a
combinatorial interpretation to the cokernel of 9.)

(b) Let G = (V, E) be an H-labeled tree. For a given automorphism « € Aut(G), let
ay and ag be the permutations that « induces on the sets V and E. Show that
sign(a) = sign(ag) sign(ay).



