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Problem 3.

Solution. We will first note that we may take out the ω factor from the sum in question:

n→R∑

k=R

!ω

ε
(k)!ω

ε
(n→ k) =

n→R∑

k=R

ω
→k→ε!(k + ε)ω→n+k→ε!(n→ k + ε)

= ω
→n→2ε

n→R∑

k=R

!(k + ε)!(n→ k + ε).

As !ω

ε
(n→R) = ω

→n+R→ε!(n→R + ε), the statement we are trying to prove follows from

n→R∑

k=R

!(k + ε)!(n→ k + ε) ↑ O(!(n→ R + ε)), (1)

since the factors of ω→n cancel out and the remaining factors involving ω do not depend on
n.

We now try to prove (1). Our first step is to prove the following inequality, which we
claim holds by log-convexity of !:

!(k + ε)!(n→ k + ε) ↓ !(R + 1 + ε)!(n→R→ 1 + ε), k ↑ [R + 1 + ε, n→R→ 1 + ε]
(2)

Consider the function f(k) = log!(k + ε) + log!(n → k + ε) along the interval [R + 1 +
ε, n → R → 1 + ε]. Since log! is convex, f(k) is convex. Moreover, it is symmetric about
the line k = n

2 . Also, it is clear that f(k) takes its minimum at k = n

2 and so f(k) takes
its maximums at the boundaries of the interval we are considering. This proves (2). Now
observe that

n→R∑

k=R

!(k + ε)!(n→ k + ε) = 2!(R + ε)!(n→R + ε) +
n→R→1∑

k=R+1

!(k + ε)!(n→ k + ε)

↓ 2!(R + ε)!(n→R + ε) +
n→R→1∑

k=R+1

!(R + 1 + ε)!(n→R→ 1 + ε)

= 2!(R + ε)!(n→R + ε) + (n→ 2R→ 1)!(R + 1 + ε)!(n→R→ 1 + ε)

= 2!(R + ε)!(n→R + ε) + (→R→ ε)!(R + 1 + ε)!(n→R + ε)

= (2!(R + ε) + (→R→ ε)!(R + 1 + ε))!(n→R + ε).

Note that we used the fact that z!(z) = !(z+1) on the second to last line. We have bounded
the sum that appears in (1) by a constant multiple of !(n→R + ε), proving (1). ↭
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Problem 4 (14 marks). The formula for the partition function of the Ising model of a graph G is

ZG(ω, J) =

∑

ω→{↑1,+1}VG

exp



ωJ

∑

e→EG

e↓=(u,v)

εuεv



 .

The partition function of the Ising model on random 3-regular graphs is the power series in z
↑1

that sums ZG(ω, J)

over all graphs:

Z(z,ω, J) =

∑

G

ZG(ω, J)

|Aut(G)|
z
ε(G)

,

where the sum is over all 3-regular unlabeled, possibly disconnected graphs G without legs.

(a) Show that Z(z,ω, J) is a power series in Q[ϑ][[ϖ
3
z
↑1

]] with ϖ = cosh(ωJ) and ϑ = tanh(ωJ). (As always, you

can refer to arguments from the lecture and do not have to replicate them.)

The even subgraph expansion of the Ising model partition function states that

ZG(ω, J) = ϖ
|EG|

2
|VG|

∑

H even subgraph of G

ϑ
|EH |

. (1)

In a 3-regular graph, we have 2|EG| = 3|VG|, so |VG| =
2
3 |EG|. and ϱ(G) = |VG| → |EG| = →

1
3 |EG|.

Writing everything in terms of ϱ(G), we have |EG| = →3ϱ(G) and |VG| = →2ϱ(G). Therefore, for a

3-regular graph G, we have

ZG(ω, J) = ϖ
↑3ε(G)

2
↑2ε(G)

∑

H even subgraph of G

ϑ
|EH |

.

Therefore, the partition function of the Ising model on random 3-regular graphs is

Z(z,ω, J) =

∑

G

ZG(ω, J)

|Aut(G)|
z
ε(G)

=

∑

G

ϖ
↑3ε(G)

2
↑2ε(G)

∑
H even subgraph of G ϑ

|EH |

|Aut(G)|
z
ε(G)

=

∑

G

2
↑2ε(G)

∑
H even subgraph of G ϑ

|EH |

|Aut(G)|
(ϖ

3
z
↑1

)
↑ε(G)

which is a power series in Q[ϑ][[ϖ
3
z
↑1

]].

(b) Compute Z(z,ω, J) ignoring all terms in O(z
↑2

) for z ↑ ↓.








Combinatorial Quantum Field Theory

Assignment 2

Fall 2025

Zeus Dantas e Moura

If Z(z,ω, J) = c0 + c1z
→1

+O(z
→2

), then

c0 =

∑

G↑Gu|3-regular
ω(G)=0

ZG(ω, J)

|Aut(G)|
,

and

c1 =

∑

G↑Gu|3-regular
ω(G)=→1

ZG(ω, J)

|Aut(G)|
.

The only 3-regular graph with Euler characteristic 0 is the empty graph, which has ZG(ω, J) = 1 and

|Aut(G)| = 1. Therefore,

c0 = 1.

For Euler characteristic →1, a 3-regular graph must have 2 vertices and 3 edges. There are two such

graphs: G1 = and G2 = . Let v and w be the two vertices of G1 and of G2. We compute

|Aut(G1)| = 12 and |Aut(G2)| = 8. The partition function of the Ising model on G1 is

ZG1(ω, J) =

∑

ε↑{→1,+1}VG1

exp(ωJ3εvεw) = 2 exp(3ωJ) + 2 exp(→3ωJ), (2)

and the partition function of the Ising model on G2 is

ZG2(ω, J) =

∑

ε↑{→1,+1}VG2

exp(ωJ(εvεw + 2)) = 2 exp(3ωJ) + 2 exp(ωJ). (3)

Therefore,

c1 =
ZG1(ω, J)

|Aut(G1)|
+

ZG2(ω, J)

|Aut(G2)|

=
2 exp(3ωJ) + 2 exp(→3ωJ)

12
+

2 exp(3ωJ) + 2 exp(ωJ)

8

=
5

24
exp(3ωJ) +

1

4
exp(ωJ) +

1

6
exp(→3ωJ).

Therefore,

Z(z,ω, J) = 1 +

(
5

24
exp(3ωJ) +

1

4
exp(ωJ) +

1

6
exp(→3ωJ)

)
z
→1

+O(z
→2

).

(c) Briefly explain why the following generating function identity holds:

∑

G

x
n(G)

|Aut(G)|
=

1

2
log

1

1→ x
,

where the sum is over all connected, 3-regular, bridgeless unlabeled graphs of Euler characteristic 0 with

arbitrarily many legs and n(G) is the number of legs of G. Recall that the empty graph is not connected.
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Let G be a connected, 3-regular, bridgeless unlabeled graph of Euler characteristic 0 with n(G) legs.

Since the Euler characteristic is 0, we have |VG| = |EG|. Since the graph is 3-regular, we have

3|VG| = 2|EG|+ n(G). Therefore, n(G) = |VG| = |EG|.

This is impossible for n = 0, since the empty graph is not connected.

If a vertex v has three legs, then there are at least three legs, so there are at least three vertices, so

there is a vertex u →= v. But there is no path from v to u (since all three half-edges incident to v are

legs), so the graph is not connected.

If v has two legs, let e be unique edge incident to v. Let u be the other endpoint of e, which is necessarily

di!erent from v. Since G is bridgeless, there is a path from v to u that does not use e. But this is

impossible, since the only edge incident to v that is not a leg is e.

Therefore, every vertex has at most one leg. Since the number of legs equals the number of vertices,

every vertex has exactly one leg, and consequently each vertex is incident to exactly two edges (counting

multiplicities). Therefore, removing all legs from G yields a connected 2-regular graph. Connected

2-regular graphs are cycles, so removing all legs from G yields a cycle of length n. Therefore, there

exists a unique graph G satisfying the conditions with n legs for every n ↑ 1, which is obtained by

attaching one leg to each vertex of the cycle of length n. The automorphism group of this graph has size

2n (since there are n rotations and n reflections of the cycle that can be extended to automorphisms of

the graph).

Therefore,

∑

G

x
n(G)

|Aut(G)|
=

→∑

n=1

x
n

2n
=

1

2
log

1

1↓ x
.

(d) Use the subgraph-sum variant of Theorem 12 (Theorem 14) to prove that

Z(z,ω, J) =

∑

s↑0

(z
↓1

ε
3
)
s
(2s↓ 1)!![x

2s
] exp

(
2zε

↓3x
3

3!
+

1

2
log

1

1↓ 2ϑx

)
.

The correct convention is to say that a graph with legs is even if all of its vertices are incident to an

even number of edges (NOT counting legs, counting edges possibly with multiplicities).

For a 3-regular graph, being even is equivalent for all its vertices to be incident to 0 or 2 edges.

The only connected 3-regular graph with legs that contains a vertex incident to 0 edges is the graph

with one vertex and three legs. Any other connected 3-regular graph with legs must have all its vertices

incident to 2 edges (counting multiplicities), and therefore (since it’s connected) its edges form a cycle.

Therefore, the connected even 3-regular graphs are exactly the graph with one vertex and three legs,

and the connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0.

Removing the connectedness condition, a 3-connected graph with legs is even if and only if all its

connected components are even, i.e., all of its connected components are either the graph with one

vertex and three legs, or connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0.

Let ϖ : G
u,ω

↔ Q[ϑ][[ε
3
z
↓1

]] be the multiplicative function defined on connected graphs with legs as

ϖ( ) = 2zε
↓3

, ϖ(ϱ) = (2ϑ)
|Eω | for all connected, 3-regular, bridgeless graphs with legs ϱ of Euler

characteristic 0, and ϖ(ϱ) = 0 otherwise.
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The graphs ω with ε(ω) →= 0 are the disjoint unions of copies of the graph with one vertex and three legs,

and connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0, i.e., the even subgraphs

with legs of 3-regular graphs.

Since the graph with one vertex and three legs has no edges and Euler characteristic 1, while the

connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0 have Euler characteristic 0,

we have that for an even subgraph with legs ω of a 3-regular graph G,

ε(ω) = (2zϑ
→3

)
ω(ε)

(2ϖ)
|Eω |

= (2zϑ
→3

)
|Vω |→|Eω |(2ϖ)|Eω |.

We compute that

∑

ε↑Gu,ε

connected

ε(ω)

|Aut(ω)|
x
n(ε)

= 2zϑ
→3x

3

3!
+

∑

ε↑Gu,ε

connected
3-regular
bridgeless

(2ϖ)
|Eω |

|Aut(ω)|
x
n(ε)

= 2zϑ
→3x

3

3!
+

∑

ε↑Gu,ε

connected
3-regular
bridgeless

1

|Aut(ω)|
(2ϖx)

n(ε)

= 2zϑ
→3x

3

3!
+

1

2
log

1

1↑ 2ϖx
.

Apply Theorem 14 with w = z
→1

ϑ
3
to obtain

∑

G↑Gu

1
|Aut(G)|

∑

ε↓G

ε(ω)(z
→1

ϑ
3
)
|EG|→|Eω | =

∑

s↔0

(z
→1

ϑ
3
)
s
(2s↑ 1)!![x

2s
] exp




∑

ε↑Gu,ε

connected

ϑ(ε)
|Aut(ε)|x

n(ε)



 (ϱ)

=

∑

s↔0

(z
→1

ϑ
3
)
s
(2s↑ 1)!![x

2s
] exp

(
2zϑ

→3 x
3

3! +
1
2 log

1
1→2ϖx

)
.

Note that the right-hand side of (ϱ) is the right-hand side of the desired identity.

We now prove that the left-hand side of (ϱ) equals Z(z,ς, J). The left-hand side of (ϱ) equals

∑

G↑Gu

1
|Aut(G)|

∑

ε↓G

ε(ω)(z
→1

ϑ
3
)
|EG|→|Eω |

=

∑

G↑Gu|3-regular

1
|Aut(G)|

∑

ε↓G
even

(2zϑ
→3

)
|Vω |→|Eω |(2ϖ)|Eω |(z→1

ϑ
3
)
|EG|→|Eω |

=

∑

G↑Gu|3-regular

1
|Aut(G)|

∑

ε↓G
even

2
|VG|

(zϑ
→3

)
|VG|→|EG|

ϖ
|Eω |

=

∑

G↑Gu|3-regular

1
|Aut(G)|ϑ

|EG|
2
|VG|

∑

ε↓G
even

ϖ
|Eω |zω(G)

= Z(z,ς, J).

Therefore, the left-hand side of (ϱ) equals Z(z,ς, J), which completes the proof.


