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2. 8 marks

(a) For o,,0, € {—1,+1}, prove the formula

exp(BJoyow) = p(1 + Kowow),

where p = cosh(8J) and k = tanh(5J).

(b) Compute the partition function of the Ising model for the (33 and the ()() graph. For one
of the two graphs, do the computation both by summing over all vertex configurations
and by summing over all even subgraphs.
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Harper Niergarth

Problem 3.

Solution. We will first note that we may take out the a factor from the sum in question:

n—R n—R
Y TR —k) =D a Tk + B)a "™ T (n — k + B)
k=R k=R

n—R
=a "N T(k+B)I(n—k+p).
k=R

AsT4(n — R) = a "t PT(n — R + B), the statement we are trying to prove follows from

n—R

> T(k+BT(n—k+p) € O (n—R+p)), (1)

k=R

since the factors of @™ cancel out and the remaining factors involving o do not depend on
n.

We now try to prove (1). Our first step is to prove the following inequality, which we
claim holds by log-convexity of I*:

T(k+B8T(n—k+B) <T(R+1+B8T(n—R—1+p8), ke€[R+1+8n—R—1+f]
(2)

Consider the function f(k) = logI'(k + ) 4+ logI'(n — k + ) along the interval [R + 1 +
B,n — R —1+ (]. Since logT' is convex, f(k) is convex. Moreover, it is symmetric about
the line & = 4. Also, it is clear that f(k) takes its minimum at k¥ = § and so f(k) takes
its maximums at the boundaries of the interval we are considering. This proves (2). Now

observe that

n—R n—R—1
> T(k+B)(n—k+B)=2T(R+B)T(n—R+8)+ Y T(k+B)(n—k+p)
k=R k=R+1
n—R—1
<2A(R+P)I(n—R+p)+ Y T(R+1+BT(n—R—1+p)
k=R+1
=2(R+B)T(n—R+B8)+(n—2R—1)I(R+1+p)T(n—R—1+pf)
=2(R+ BT (n—R+B)+(-R—BT(R+14+ BT (n— R+ j3)
= @2D(R+B)+ (—R—BT(R+1+ B)T(n— R+ A).

Note that we used the fact that 2I'(z) = I'(2+1) on the second to last line. We have bounded
the sum that appears in (1) by a constant multiple of I'(n — R + 3), proving (1). O
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Problem 4 (14 marks). The formula for the partition function of the Ising model of a graph G is

ZeB )= Y. e |B] Y o

oc{—1,41}Va e€Eg
e (u,v)

The partition function of the Ising model on random S-regular graphs is the power series in z~* that sums Zg(8,J)
over all graphs:

Z Za ﬁv X(©)
|Aut(G ’

where the sum is over all 3-regular unlabeled, possibly disconnected graphs G without legs.

(a) Show that Z(z,3,J) is a power series in Q[x][[p®27]] with p = cosh(8J) and k = tanh(S3J). (As always, you
can refer to arguments from the lecture and do not have to replicate them.)

The even subgraph expansion of the Ising model partition function states that

Za(B,J) = plFelalVal Z wlEHl (1)

H even subgraph of G

In a 3-regular graph, we have 2|Eg| = 3|Vg|, so |Vg| = 2|E¢|. and x(G) = |Vg| — |Ec| = —3|Eq|.
Writing everything in terms of x(G), we have |Eg| = —3x(G) and |Vg| = —2x(G). Therefore, for a
3-regular graph G, we have

Za(B,J) = p~x(G)g=2x(&) Z o

H even subgraph of G

Therefore, the partition function of the Ising model on random 3-regular graphs is

Zc(B,J) @)
2(z 8,7 Z|At =

_ p_3X(G)2 x(6) ZH even subgraph of G H“lEHl ZX(G)
i’ [Au(G)
—2x(G E
_ Z 2 x(@) ZH even subgraph of G "i‘ el (p?,zfl)fx(c)
|Aut(G)]

G

which is a power series in Q[x][[p3271]].

(b) Compute Z(z, 3, J) ignoring all terms in O(z72) for z — co.
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If Z(2,8,J) =co+ c1271 + O(272), then

_ ZG(ﬁ’J)
O ot AT

u
Ge g |3—regular

x(G)=0
and Ze(B..])
_ G\M»
a= 2 AwE)
Ge gu IS—regular
x(G)=-1

The only 3-regular graph with Euler characteristic 0 is the empty graph, which has Zg(3,J) = 1 and
|Aut(G)| = 1. Therefore,
Co = 1.

For Euler characteristic —1, a 3-regular graph must have 2 vertices and 3 edges. There are two such
graphs: G; = & and G = 0. Let v and w be the two vertices of G; and of G3. We compute
|Aut(G1)| = 12 and |Aut(G2)| = 8. The partition function of the Ising model on G; is

Za,(B,))= > exp(BJ30,0,) =2exp(38J) + 2exp(—33J), (2)

oe{-1,+1}"61

and the partition function of the Ising model on G5 is

Za,(B: D)= Y. exp(BJ(0u0u +2)) = 2exp(38J) + 2exp(BJ). (3)
oe{—1,+1}"G2
Therefore,
o ZGl(ﬂN]) ZGQ(ﬂvJ)
' JAut(Gh)| T JAut(Ga)|
_ 2exp(36J) + 2exp(=36J) = 2exp(38J)+ 2exp(BJ)
- 12 * 8
= p%,exp(?)BJ) + ;lexp(ﬁ,]) + éexp(—?),@J).
12
Therefore,

5 1 1
Z(z,8,J)=1+ (@exp@ﬂJ) 4 1 exp(BJ) + 6 eXp(—BBJ)) 2L+ 0(z72).
s
(c¢) Briefly explain why the following generating function identity holds:

(&) L 1
XG: Aut(G)] 2 1

where the sum is over all connected, 3-regular, bridgeless unlabeled graphs of Euler characteristic 0 with
arbitrarily many legs and n(G) is the number of legs of G. Recall that the empty graph is not connected.
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Let G be a connected, 3-regular, bridgeless unlabeled graph of Euler characteristic 0 with n(G) legs.
Since the Euler characteristic is 0, we have |Vg| = |Eg|. Since the graph is 3-regular, we have
3|Va| = 2|Eg| + n(G). Therefore, n(G) = |Vg| = |Eg|-

This is impossible for n = 0, since the empty graph is not connected.

If a vertex v has three legs, then there are at least three legs, so there are at least three vertices, so
there is a vertex u # v. But there is no path from v to u (since all three half-edges incident to v are
legs), so the graph is not connected.

If v has two legs, let e be unique edge incident to v. Let u be the other endpoint of e, which is necessarily
different from v. Since G is bridgeless, there is a path from v to v that does not use e. But this is
impossible, since the only edge incident to v that is not a leg is e.

Therefore, every vertex has at most one leg. Since the number of legs equals the number of vertices,
every vertex has exactly one leg, and consequently each vertex is incident to exactly two edges (counting
multiplicities). Therefore, removing all legs from G yields a connected 2-regular graph. Connected
2-regular graphs are cycles, so removing all legs from G yields a cycle of length n. Therefore, there
exists a unique graph G satisfying the conditions with n legs for every n > 1, which is obtained by
attaching one leg to each vertex of the cycle of length n. The automorphism group of this graph has size
2n (since there are n rotations and n reflections of the cycle that can be extended to automorphisms of
the graph).

Therefore,

(d) Use the subgraph-sum variant of Theorem 12 (Theorem 14) to prove that

f L2b 1 1
Z(2. 8, J) = —1,3)5 (25 — 1) 22035 4 Zlog —— .
(8. = S 2o = e (22075 + o g

The correct convention is to say that a graph with legs is even if all of its vertices are incident to an
even number of edges (NOT counting legs, counting edges possibly with multiplicities).

For a 3-regular graph, being even is equivalent for all its vertices to be incident to 0 or 2 edges.

The only connected 3-regular graph with legs that contains a vertex incident to 0 edges is the graph
with one vertex and three legs. Any other connected 3-regular graph with legs must have all its vertices
incident to 2 edges (counting multiplicities), and therefore (since it’s connected) its edges form a cycle.
Therefore, the connected even 3-regular graphs are exactly the graph with one vertex and three legs,
and the connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0.

Removing the connectedness condition, a 3-connected graph with legs is even if and only if all its
connected components are even, i.e., all of its connected components are either the graph with one
vertex and three legs, or connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0.

Let ¢: G%* — Q[x][[p*2~]] be the multiplicative function defined on connected graphs with legs as
d(>—) = 22p3, ¢(7) = (2k)F] for all connected, 3-regular, bridgeless graphs with legs v of Euler
characteristic 0, and ¢(y) = 0 otherwise.



Combinatorial Quantum Field Theory
Assignment 2

Fall 2025

Zeus Dantas e Moura

The graphs v with ¢(v) # 0 are the disjoint unions of copies of the graph with one vertex and three legs,
and connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0, i.e., the even subgraphs

with legs of 3-regular graphs.

Since the graph with one vertex and three legs has no edges and Euler characteristic 1, while the
connected, 3-regular, bridgeless graphs with legs of Euler characteristic 0 have Euler characteristic 0,

we have that for an even subgraph with legs v of a 3-regular graph G,

$(7) = (22p7%)X) (2) 15!
= (QZP*3)IVW\*IEW\(Qﬁ)\Ew\.

We compute that

() ny) _ o 32 2r)El )
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connected Connected
3-regular
bridgeless

=2zp73 —|— Z |A e 2,%95)”(7)
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1

1—2kx’

= 22p3

503+11
— + =1lo
31 g%

Apply Theorem 14 with w = 2= p? to obtain

Z |Aut 1 Z é(7)(z71p? |EG| 1Byl — Z(Z_lp?’)s(Qs— 1)!1[z?%] exp Z
Gegu e $>0 Ny

connected

= Z(z_1p3)s(2s — DN[z?%] exp <2zp_3% + 1 log 717;”) .

s>0

Note that the right-hand side of (x) is the right-hand side of the desired identity.

We now prove that the left-hand side of (*) equals Z(z, 8, J). The left-hand side of (%) equals

2 Tray X Y7

Gege 1CG
. =B E.l(.—1 3\|Ec|—|E
— Z IAut(G\ Z (2zp~ )V 1El () B (=1 )| B =154
b Pe.

GE g |3_regular chn
_ 1 Vol (zp=3)Vol=IEc| 4|Erl
= Z [Aut(G)] ZZ (Zp ) w

Ge g S

€ G"|3 regular &

e plEelalVel S 1y x(E)

= > EmEr e

Gegw |3,regu1ar Zvceg
=Z(z,8,J).

Therefore, the left-hand side of (x) equals Z(z, 8, J), which completes the proof.



